Using direct matrix method we establish the structure, including the number of nonzero independent elements, of the static flexoelectric coupling tensor ijkl
(inverse effect) [1, 2, 3, 4] . In continuum media approximation the static flexoelectric coupling (for brevity "flexocoupling") is included to the free energy functional of a ferroic in the form of Lifshitz invariant [5, 6, 7, 8] , 
Here the strain tensor components
are symmetrized derivatives of the displacement vector components i U . Notably that the antisymmetric part of the strain tensor does not contribute to the flexoelectric response of the bulk material being a full derivative [8] , and the form (1) is the most comprehensive one. Due to the evident index-permutation symmetry of the strain tensor, The static flexoelectric effect is allowed by symmetry in all 32 crystalline point groups, because the strain gradient breaks the inversion symmetry giving rise to the static flexoelectricity.
For instance, Shu et al. [9] , Quang and He [10] , consider possible symmetries of the flexoelectric tensor and derived the number of its independent components for each symmetry. Let us underline the fact that Shu et al. [9] , and Quang and He [10] used the invariance of the flexocoupling tensor ijkl f to the permutation of the first one pair of indices, Eq.(2a).
In the case of an infinite continuous medium, one can apply integration by parts to Eq.(1). In addition to the "evident" index-permutation symmetry (2a), this reveals more, previously "hidden"
index-permutation symmetry properties [11] , namely:
Hence both the index-permutation equations (2) are valid for the static flexocoupling tensor ijkl f .
Using the symmetry theory, Kvasov and Tagantsev [12] predicted the existence of dynamic flexoelectric effect. They argued that dynamic equations of state for a condensed media can be Hereinafter the summation is over all repeating indexes; the coefficient a is temperature dependent for ferroics, mnij q is electrostriction tensor, the higher-order coefficients ijkl a are regarded temperature independent, ijkl g are gradient coefficients tensor, ijkl c are elastic compliances. ij N is the anisotropic external load, i E is electric field that obeys electrostatic equation,
(eb is background permittivity [13] and e0 = 8.85´10 −12 F/m is the vacuum dielectric constant). The kinetic energy T is given by 
which includes the dynamic flexoelectric coupling that is described by the second rank tensor ij M [12] . i U is elastic displacement, m is a dynamic coefficient and r is the density of a ferroelectric.
B. The work motivation, novelty and content. Despite the index-permutation symmetry (2b) has been recently established, its impact on the explicit form of the flexocoupling tensor for all 32 point groups is absent.
Using direct method, described in Ref. [14] and applied there to the flexomagnetic tensor, here we studied the structure of ijkl f , including the number of nonzero independent elements for all 32 groups . At first we use point symmetry and evident index-permutation symmetry (2a) only (see Table AI in Appendix A1 in the Supplement [ 15 ] ). Next we apply point symmetry, indexpermutation symmetry (2a) and hidden index-permutation symmetry (2b) altogether (see Table AII in Appendix A1 in the Supplement [15] ). Then we performed the comparison of these results and demonstrated that the application of index-permutation symmetry (2b) significantly reduces the number of independent elements of ijkl f (see Table AIII in Appendix A1 in the Supplement [15] ).
These results are resumed in Section II. Also we derive the explicit form of the tensor ijkl f and the Lifshitz invariant (1) for several point symmetries using the direct method for the invariants derivation and group-theoretical approach (see Appendixes A2 and B in the Supplement [15] ). We visualize the effective flexoelectric response of a cubic and tetragonal ferroic plate in bending experiment allowing for the index-permutation symmetry (2) of ijkl f in Section III. Further we discuss the problem of the flexocoupling constants determination from inelastic neutron and Raman scattering experiments [16, 17, 18, 19, 20, 21, 22, 23] in Section IV. The special attention is drawn to the role of the index-permutation symmetry (2b) that can significantly simplify the fitting procedure due to the reduction of ijkl f independent components, and consequently opening the way for its unambiguous determination from the scattering experiments. Section V is a brief summary.
II. FLEXOELECTRIC COUPLING IN FERROICS WITH CUBIC AND LOWER

SYMMETRY
Direct application of point group symmetry operations to the flexoelectric tensor ijkl f (shortly "direct method" [24] ) along with the index-permutation symmetry (2a), leads to the system of linear algebraic equations:
The first line in Eq.(5a) includes point group symmetry, where matrix elements '
ii C are concrete point group symmetry operations in the matrix form, and the second line reflects the indexpermutation symmetry (2a). Solution of Eq.(5a) gives the detailed structure of ijkl f for all 32 point symmetry groups, including the number of nonzero and independent elements, (see Table AI in Appendix A1 [15] , and compare it with the results of Shu et al. [9] , and Quang and He [10] ).
More complex the system of linear algebraic equations,
includes point group symmetry (the first line), evident index-permutation symmetry (2a) (the second line) and recently established hidden index-permutation symmetry (2b) (the third line). Solution of Eq.(5b) gives the detailed structure of ijkl f for all 32 point symmetry groups (see Table AII Tables I and II, presented below for several point symmetries. Namely for a cubic point symmetry (corresponding to the paraelectric phase of most perovskites) application of the index-permutation symmetry (2b)
reduces the number of ijkl f independent elements from 3 to 2, and for the tetragonal point symmetry (corresponding to the polar long-range ordered phase of many ferroelectric perovskites), it reduces from 8 to 5 independent elements. For rather widely encountered orthorhombic point symmetry the index-permutation symmetry (2b) reduces the number of ijkl f independent elements from 15 to 9.
The amount of nonzero elements is 21 for all considered examples, but it can be different for other groups (see comparative Also we derive the explicit form of the tensor ijkl f and the Lifshitz invariant (1) for several cubic, tetragonal and orthorhombic point symmetries using the direct method for the invariants derivation and group-theoretical approach (see Appendixes A2 and B in the Supplement [15]).
III. EFFECTIVE FLEXORESPONSE
The most reliable example of experimental determination of ijkl f is an incipient paraelectric SrTiO3 having m3m symmetry (see Refs. [25, 26] ). Another case is a ferroelectric family BaxSr(1-x)TiO3 (x³0.5) having m3m parent symmetry and 4mm symmetry in a polar tetragonal phase, for which the flexoelectric coefficients have been calculated from the first principles in Refs. [27, 28] .
Below we visualize the effective flexoelectric response eff ij
7
The sample orientation and the experimental setup typical for three-knife load measurements [25] [26] 
Here we introduced the tensor components in the rotated frame, linked to the sample as shown in 
2 1333 sin cos 2 (6), (10)- (12) and (5a), without hidden index-permutation symmetry condition (2b) involved. Used in our calculations coefficients ijkl f and ijkl c are from , were calculated from Eqs. (6), (10)- (12) The effective flexoresponse of BaTiO3 in orthorhombic phase will be considered elsewhere, due to the unknown flexoelectric coefficients in this case.
To resume the section, the hidden index-permutation symmetry of fijkl strongly affect on the angular dependences of the effective flexoresponse , valid for infinite material, does not hold neither in experiments [25, 26] conducted for finite thin plates, nor in ab initio calculations [27, 28] performed for a 3D-confined computation cell.
Possible ways how to verify our prediction are discussed in the next section.
IV. IMPACT OF THE HIDDEN SYMMETRY ON THE DETERMINATION OF THE FLEXOCOUPLING CONSTANTS
We should ascertain that the available experimental data [25, 26] , ab initio calculations [27, 28] are in contradiction with the symmetry predictions [11] . There is a seeming contradiction between the measured and calculated values of the flexocoupling tensor that was firstly notified by Biancoli et al [31] . Moreover, the upper limits for the values ijkl f established by Yudin et al [32] , as well as the values calculated from the first principles for bulk ferroics [33, 34, 35, 36, 37] , can be several orders of magnitude smaller than those measured experimentally in ferroelectric ceramics [38, 39, 40] and thin films [ 41 ] , ferroelectric relaxor polymers [ 42 ] and electrets [ 43 ] , incipient ferroelectrics [26] and biological membranes [ 44, 45] 
Each of the four elements in Eq. (14) 
determined from the fitting of three acoustic and one optic soft phonon modes at a given k-direction.
If the hidden symmetry (2b) exists, the best fitting corresponds to the case
Hence it is very important to know the quantitative contribution of the flexocoupling to ( ) w c , k . Thus the role of the hidden index-permutation symmetry (2b) of ijkl f can be unique important, because its application can significantly simplify the fitting of the spectra due to the minimization of ijkl f independent components, and facilitating the way for its unambiguous determination from the scattering experiments. Tables I and II The tensor with "evident" index-permutation symmetry (EIPS) should be invariant to permutation of the first and the second indices (due to the symmetry of strain tensor), so that general relations for EIPS FET are listed below: 
Structure of flexoelectric tensor allowing for point symmetry (PS) and "hidden" index-permutation symmetry (HIPS)
The tensor with "hidden" index-permutation symmetry (HIPS) should be invariant to permutation of the first and the second indices (due to the symmetry of strain tensor) and of the second and the fourth indices (due to "new" symmetry of gradients). Therefore, the general relations are two-fold for fijkl tensor: 1 cubic (m3m, 432, 4'3m) point symmetry group to the Lifshitz invariant (1) yields
The application of the results from Table AII ( Table II from 
The application of the results from Table AI (Table I from the text) for tetragonal (4'2m, 422, 4mm, 4/mmm) point symmetry group to the Lifshitz invariant (1) yields 
The application of the results from Table AII (Table II from 
The application of the results from Table AII ( Table II from the text) for orthorhombic (222, mm2, mmm) point symmetry group to the Lifshitz invariant (1) yields
The expressions for mmm symmetry without taking into account the full indexpermutation symmetry (2) is too cumbersome and we omit it for the sake of brevity. 
Appendix B. Effects of Point Symmetry
Consider an infinite crystal under an inhomogeneous stress or/and inhomogeneous electric field. The increment in free energy due to the flexoelectric effect, including the strain-induced polarization and polarization-induced strain, is given by Lifshitz invariant. 4 Under assumptions of the continuous model, the corresponding lattice sum is approximated by the integral (1). Integration by parts transforms it to a more symmetric form 7 which, per unit cell, reads as
( .1) Here U -is the displacement vector of the unit cell deformation. Other symbols are the same as in (1) . The second-rank tensor ∂Ui/∂xj can be presented as the sum of its symmetric and antisymmetric parts, ∂Ui/∂xj = uij + rij, with
For the tensor fijkl in (B.1), in general, the number of its components is 3 4 = 81. As mentioned in Section II, not all of them are independent. The number of independent coefficients depends on the point symmetry of the crystal, as well as on the permutational symmetry of the indices in fijkl, its hidden symmetry 7 . In what follows, the role of the point symmetry is discussed. For simplicity, the antisymmetric part of ∂Ui/∂xj is set to zero, rij = 0. This gives ∂Ui/∂xj = uij meaning the tensor ∂Ui/∂xj is symmetric.
For simplicity, let the crystal lattice be of a symmorphic space symmetry, meaning there are no screw axes and no gliding planes of symmetry. Low-symmetry effects of crystal surface, domain walls, and other defects are neglected. The free energy ΔF of (B.1) is a scalar of the crystal symmetry group. Therefore, the right-hand side of (B.1) includes just scalar convolutions of the two second-rank tensors, ∂Ui/∂xj and ∂Pi/∂xj.
By their transformation properties, components of both tensors form the basis of reducible representations, which can be decomposed into irreducible ones. The corresponding symmetryadapted combinations are
Here,
are Clebsch -Gordan coefficients, Γ and γ denote irreducible representations and their rows present in the product Г1 × Г2 of the two representations Г1 and Г2. As both Ui and ∂/∂xj transform as vectors, Г2 and Г1, are vector representations of the corresponding point group.
For the symmetric tensor ∂Ui/∂xj = uij, we only include those Γ that are present in the symmetric square [Г1 2 ]. As the matrix of Clebsch -Gordan coefficients is orthogonal, the inverse transformation follows from (B.2) by transposition:
Substituting (B.3) into (B.1), we transform it into the a bilinear form of the first-rank irreducible tensors, ( )
, so the products ( ) ( )
are components of the second-rank tensor. As mentioned above, the resultant sum is a scalar of the crystal-lattice point group. Therefore, in this sum we keep just scalar convolutions belonging to the totally symmetric representation of the point group. The latter is present in symmetric squares 
Similarly, for ( ) 2 
with the following three independent combinations of the flexoelectric coupling,
Plugging Clebsch -Gordan coefficients in (B.4), we find the irreducible tensors of strain and polarization, and, correspondingly, all the scalars in (B.10). Components of the irreducible tensor of strain are: 
, , ,
Note the coincidence of the components 
,
Finally, here are the corresponding independent combinations of the tensor of flexoelectric coupling. As mentioned above, there are ten of them: 2332  1313  2323  12   2  2  1331  2332  1313  2323  21  22   1  ,  ,  2  1  1  ,  2 2 Table II in the main text) simplifies (B.13) as follows: 3  1   1  2   3  3  2  2   3  3  3  2  3  2   1  ,  2   1  1  ,  ,  2 2 
Components of the second-rank tensor ( ) ( )
belong to the product (3A1g + B1g + B2g + B3g) × (3A1g + 2B1g + 2B2g + 2B3g) where the first factor stands for (∂U/∂x)Г and the second one corresponds to (∂P/∂x)Г. As mentioned above, of the 6 × 9 = 54 components of ( ) ( ) Here the corresponding fifteen independent constants of flexoelectric coupling are introduced: Here, as above, the fifteen constants of flexoelectric coupling are expressed in terms of just nine components, f1111, f2222, f3333, f1122, f1133, f2233, f2211, f3311, and f3322. This means, with the hidden symmetry included, the eight coupling constants are not independent and can be expressed in terms of one another, Below we consider the bending problem for a plate (see Fig. C1b ), having developed surface rotated on angle from principal (pseudo-) cubic direction (see Fig. C1a ). Below we omit the tilde sings for clarity and consider only normal component of polarization, 3 Equations of state could be obtained after the variation of the corresponding thermodynamic potential in the following form = + , (C.4a) 3 3 − 3333 3,33 − 3 , = 3 (C.4b) Using compatibility conditions and considering the case of strain field, depending only on 3 , one could get the following restrictions on the strain tensor components: Here constants, 11 (0) , 11 (0) , 11 (0) , 1 and 2 should be determined from boundary conditions at side faces of plate (usually in Saint-Venant approximation). However, as far as we are interested in the strain gradient estimation in order to get expression for polarization from (C.4b), "an exact" expressions for constants from Eqs.(C.6) are not necessary, since radii of plate curvature 1 and 2 could be estimated from the shape of the stressed plate. Next we recall boundary conditions for stresses at the developed surface of the plate, namely � = 0, and condition of mechanical equilibrium, , = 0. For the case of 1D dependences these two relations give the following 13 = 23 = 33 = 0 (C.7) Finally, taking into account Eqs.(C.2), (C.3), and (C.6), one could get the evident form of equations of state, 13 
